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In this paper, we investigate the validity of the weak cosmic censorship conjecture(WCCC) for a
rotating linear dilaton black hole from two different methods. By using the classsical ingoing test
particle method, we obtain the same results as given in the new version of gedanken experiment
recently proposed by Wald. We find that even for this rotating linear dilaton black hole the Iyer-
Wald formalism is still functioning. By comparing these two methods, we find that the same result
will be obtained in both cases up to first order. The nearly extremal black hole can be overspun,
while the extremal one cannot be overspun. When we include the second order modification into
consideration, the Iyer-Wald method show that even for the nearly extremal black hole, the WCCC
is well protected. These results imply that weak cosmic censorship conjecture is still valid using the
ingoing test particle method up to second order modification.
PACS numbers:
I. INTRODUCTION
Gravitational collapse inevitably leads to space-time
singularity, which indicate the failure of the predictabil-
ity of the theory. To protect the predictability of classi-
cal gravitational theory, Penrose proposed the weak cos-
mic censorship conjecture, which states that naked sin-
gularity cannot be formed by gravitational collapse[1].
Though more than fifty years has passed while a general
proof of the conjecture is still beyond reach, and the con-
jecture has play an important role in black hole physics.
Over the past fifty years, many ways have been proposed
to test the conjecture [2–7]. One way of checking the con-
jecture is to consider whether we can destroy the event
horizon to form a naked singularity.
Pioneer works to consider the destruction of a black
hole event horizon was envisaged by Wald, in whose
gedanken experiment a test particle with large charge or
large angular momentum was dropped into an extremal
Kerr-Newman black hole. The result suggests that parti-
cles causing the destruction of event horizon will not be
captured by a black hole [8]. While, later work of Hubeny
shows that near-extremal charged black holes can be
overcharged by test particle [9], the results are supported
by the following work of Jacobson and Sotiriou for Kerr
black hole [10]. By carefully choosing the parameters of
the particle, there are some possible counter-examples
that the event horizon of near-extremal black holes can
be destroyed [11–13]. But when self-force and radiation
effects are taken into account, the above counter-example
for weak cosmic censorship conjecture might be recovered
[14–18].
Recently, Sorce and Wald proposed a new version of
gedanken experiment by taking the second-order approx-
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imation of the perturbation that comes from the matter
fields into account [19]. The new gedanken experiment
is based on the Lagragian method [20–23], and natu-
rally incorporate the self-force and backreaction effects.
They showed that the Kerr-Newmann black hole cannot
be overcharged or overspun up to second order pertur-
bation. After that, in several cases with an asymptoti-
cally flat metric the validity of the conjecture has been
confirmed[24–35].
Using the Iyer-Wald formalism[36],The RN black hole
in a non-asymptotically flat(Ads) background has been
discussed. While, previous research has not discussed
the linear dilaton case using this formulation. Inspired
by this, we test the validity of the conjecture for a rotat-
ing linear dilaton black hole in this paper. We obtain the
Komar-type integral for the Iyer-Wald formalism, and
confirm it is consistent with the results given by[37]. Af-
ter that we test the weak cosmic censorship conjecture
(WCCC) by perturbing it with an ingoing particle. We
find that the WCCC is valid for the extremal black hole,
while not for the near extremal case. Then we obtain the
two variational inequality corrsonding to our case. After
that, By using these inequality, we find that the same
results as given using test particles method will be ob-
tained up to first order approximation. And if we include
the second order modification into the case, we find the
WCCC is well preserved. The similarity implies that if
we consider perturbation of classical ingoing particle up
to second order, the WCCC might be well protected as
well.
The rest of the paper is organised as follows. In Sec. II,,
we give an overview for the linear dilaton solution from
the Einstein-Maxwell-Dilaton-Axion(EMDA) theory. In
the Sec. III, we calculate the corresponding Komar-type
integral for later convenience. In the Sec. IV, we dis-
cuss the classical version of the gedanken experiment.
In the Sec.V,VI, we review the Iyer-Wald formulation,
and obtain the variational inequality. In the section VII,
we test the weak cosmic censorship conjecture with the
2variational inequality. The last section is devoted to the
conclusion.
II. A ROTATING LINEAR DILATON BLACK
HOLE IN EMDA THEORY
In this section, we give a brief review concerned with a
special black hole in the Einstein-Maxwell-Dilaton-Axion
theory, then we will mention about its thermodynamics.
The results is given in [38] in detail. The action for the
Einstein-Maxwell-Dilaton-Axion is given by
S = 116pi
∫ √−gd4x[R − 2∂µφ∂µφ− 12e4φ∂µκ∂µκ
−e−2φFµνFµν − κFµν F˜µν ]. (1)
Where R is the usual Ricci scalar curvature, φ and κ are
the dilaton field and axion field separately, Fµν with its
Hodge dual ˜Fµν corresponds to the Maxwell field
And it is well known that the lagragian of the action
is equivalent to following formulation
S =
∫ √−gd4x[R − 2∂µφ∂µφ− 1
12
e−4φHµντHµντ
− 1
8
e−2φFµνFµν ]. (2)
By equivalence, here we mean that if we substitute
Hµνρ = − 1√−g e
4φǫµνρσ∂σκ. (3)
into the lagragian and make a rescale, we can obtain the
same equation of motion. One may seek more informa-
tion about the equivalence of these two theory in [39, 40].
Where ǫ is the total antisymmetric symbol. For which,
asymptotically flat black hole solution has been discussed
in [30, 41]
The stationary black hole solution without nut charge
can be given as in spherical coordinate
ds2 = − Γ
r0r
dt2+r0r
[
dr2
Γ
+ dθ2 + sin2 θ
(
dϕ− a
r0r
dt
)2]
,
(4)
with
Γ = r2 − 2Mr + a2. (5)
The background field is given as
F = 1√
2
[
r2−a2 cos2 θ
r0r2
dr ∧ dt+ a sin 2θdθ ∧
(
dϕ− a
r0r
dt
)]
,
e−2φ = r0r
r2+a2 cos2 θ ,
κ = − r0a cos θ
r2+a2 cos2 θ .
(6)
Which gives the explicit expression of the electromag-
netic field, dilaton field, and axion field respectively.
The (M,a) pair is given as the parameter to deter-
mine the black hole properties. It has been discussed in
detail[38] that r0 is a fixed background constant repre-
senting the charge of the metric, which actually means
that we set the background with fixed charge. This is
why we call the metric is a rotating linear dilaton black
hole.
The event horizon is given by Γ = 0. In our case, this
corresponds to two different event horizon, given as
r+ = M +
√
M2 − a2, (7)
r− = M −
√
M2 − a2. (8)
For simplicity, we rename
√
M2 − a2 as ∆. The black
hole is extremal when ∆ = 0 is satisfied, and the non-
extremal case corresponds to ∆ > 0. For imaginary value
of ∆ corresponds to the naked singularity.
The Hawking temperature TH , the Bekenstein-
Hawking entropy SBH and the angular velocity ΩH of
the black hole are
TH =
r+−r−
4pir0r+
,
ΩH =
a
r0r+
,
SBH = πr0r+.
(9)
Since that this metric is asymptotically dilaton, so that
its thermodynamics needs to be carefully defined because
the action is linearly divergent. Then one should set
the charge as the invariant background property to re-
fine its conserved quantity. In [38] they use the Hamito-
nian method developed by Brown and York in [37] with
a renormalized action,
S˜ = S(g) + S(m) − S(0). (10)
Where the first two part is the total action given by our
classical solution eq.(4)and eq.(6), while the third term
is given by the corresponding divergent background.
They argue that the Brown-York(BY) mass for Black
Hole first law need to be defined as[38]
M = −
∫
B
d2x
√
σu0ε,
= −
∫
B
d2x
√
σu0
(
ε(g) + ε(m) − ε(0)
)
. (11)
Here the second term is linear divergent while can be ex-
actly cancelled by electromagnetic contribution of the lin-
ear dilaton background evaluated with the same bound-
ary data from fixed background field, which accounts for
why in our case r0 is constant and charge is fixed, such
that the total BY mass is conserved, and in this case it
is
M = M
2
. (12)
And the angular momentum is defined similarly as
J =
∫
B
d2x
√
σjϕ =
∫
B
d2x
√
σ
(
j(g)ϕ + j(m)ϕ
)
. (13)
3It is calculated as
J =
ar0
2
. (14)
And it is the fixed charge that make the loss of Q term
in its first law of black hole. Eventually, we have
dM = THdSBH +ΩHdJ. (15)
as its first law of black hole thermodynamics.
III. KOMAR INTEGRAL APPROACH TO THE
CONSERVED QUANTITY
It is well known that the first law of black hole can be
deduced from different methods. Wald have discussed the
first law of asymptotically flat black hole in this section,
we want to deduce the conserved integral in our case
using the Komar-type formulae for later simplicity. To
do this, we need to rewrite the metric in a more applicable
form.
ds2 = −Γ− a
2sin2θ
r0r
dt2+
r0r
Γ
dr2+r0rdΩ−2asin2θr0rdtdφ.
(16)
From which, we can easily read its coefficients. The
Komar-type conserved integral is given by(in our nota-
tion)
M = − 116pi
∫
S∞
∇αξβ(t)dSαβ ,
J = 116pi
∫
S∞
∇αξβ(φ)dSαβ .
(17)
The two-surface S∞ should be our spatial infinity. And
the ξt +ΩHξφ is a time-like killing vector of our metric,
the surface element is given as
dSαβ = −2n[αrβ]
√
σd2θ. (18)
The
√
σ is the invariant surface element on S∞, The n is
a normal vector to our chosen three dimensional spatial
hypersurface t = const, For which S∞ is a boundary.
The r is a normal vector live in our hypersurface, while
is orthogonal to the S∞ :=> r = const.
nα = −
√
r
r0
(1 − M
r
)∂αt, (19)
rα =
√
r
r0
(1 − M
r
)
∂xα
∂r
. (20)
Then if one just calculate the integral given in eq.17, one
may find it is linearly divergent with the growing of the
radius, while fortunately this term will not be parameter
dependent if we set r0 as constant. We can calculate
the same integral for the chosen background. One might
find that if we subtract the background contribution, the
results will be − 2M
r0r
One can substitute this equation into the first line of
eq.(17), then the finite part will be
M = M
2
. (21)
Which gives exactly the same answer as eq(12). Simi-
larly, eq.(14) will be recovered from the second line of
eq.(17).
From above discussion, One may see that in this linear
rotating black hole, the conserved quantity will consist
of two parts: one part is parameter dependent, and is
convergent; while another part is parameter independent
as well as infinite. And the finite part is related to our
black hole thermodynamic[38, 42, 43].
IV. CLASSICAL GEDANKEN EXPERIMENT
There are many ways to conduct the gedanken experi-
ment to test the validity of the WCCC. In this section, we
briefly discuss whether we can violate the WCCC with a
test particle with a large enough angular momentum.
The lagragian for a test particle is given by
L =
1
2
mgµν
dxµ
dτ
dxν
dτ
. (22)
From which, the equation of motion can be derived as
d2xµ
dτ2
+ Γµaβ
dxa
dτ
dxβ
dτ
= 0. (23)
The energy and angular momentum is given as
δE = −Pt = −∂L∂t = −mg0ν dx
ν
dτ
,
δJ = Pφ =
∂L
∂φ˙
= mg3ν
dxν
dτ
.
(24)
According to our signature, the 4-velocity of a massive
particle satisfies
gµν
dxµ
dτ
dxν
dτ
=
1
m2
gµνPµPν = −1. (25)
Combining above expression, we have
δE =
g03
g00
δJ − 1
g00
[(
g03
)2
δJ2 − g00g33δJ2
−g00 (g11P 2r + g22P 2θ +m2)] 12 .
(26)
Where we have used the future directed condition
dt/dτ > 0, which implies
δE > −g03
g33
δJ. (27)
Hence, for particles crossing the event horizon, the en-
ergy δE and angular momentum δJ must satisfy
δE > ΩhδJ. (28)
On the other hand, if we want to overspin the black hole,
we need condition
M + δE < a+ δa. (29)
4For the extremal black hole(M = a), eq.(28) and eq.(29)
can be rewritten as
δJ < r0δE, (30)
δJ > r0δE, (31)
which cannot be satisfied simultaneously as Wald’s foun-
dation work suggested.
While if we consider the near-extremal black hole, that
might not be the same case as extremal. To do this, we
rewrite eq.(28) and eq.(29) as
δJ <
r20(E +∆)δE
J
. (32)
δJ > r0E − J + r0δE. (33)
And we know that for the near-extremal case, it is true
M > J
r0
, which result in that the
r20M
J
> r0. Certainly
there must be values existing within these two inequal-
ity. Thus, the event horizon of the near-extremal black
hole can be destroyed and the weak cosmic censorship
conjecture can be violated.
V. REVIEW OF WALD’S GEOMETRICAL
FORMULATION
In this section, we will discuss the Wald formulation
for a linear dilaton background. We will review the steps
taken in [20–23, 44]. Hereafter we will use bold character
to denote differential form.
For simplicity, we note that
δφ =
dφ
dλ
|λ=0. (34)
δ2φ =
d2φ
dλ2
|λ=0. (35)
The off-shell variation is given as
δ = Eφδφ+ dΘ. (36)
Where Eφ corresponds to the equation of motion, while
Θ = Θ(φ, δφ) is the boundary term from the variation.
If we substitute δφ = Lξφ into the variation(where ξ is
a killing vector associated with the metric), and use the
well-known identity Lξ = diξ+iξd, where iξ is the interior
product of the differential form, and d is the differential
operator. One may rewrite eq.(36) as
diξL = Eφδφ+ dΘ. (37)
If we take Eφ = 0, Then we have
d(iξL−Θ) = 0. (38)
We denote
iξL−Θ = −Jξ. (39)
And it is easy to see that the Jξ is a closed 3-form defined
by ξ iff the equation of motion is satisfied. According to
the Poincare lemma, it is locally exact. Wald further
showed that[22]
Jξ = Cξ + dQξ. (40)
Where Cξ and Qξ denote the constraints and noether
charge 2-form associated with ξ separately. If we further
assume that ξ is invariant w.r.t the variation, and take
another variation of Jξ. Then combine eq.(38), eq.(39)
and eq.(40)
d [δQξ − ξ ·Θ(φ, δφ)] = ω (φ, δφ,Lξφ)− ξ · Eφδφ− δCξ.
(41)
Where the symplectic 2-form ω defines as
ω (φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ) − δ2Θ(φ, δ1φ) . (42)
Then one may further obtain from eq.(41) higher-rank
variation equality
d
[
δ2Qξ − ξ · δΘ(φ, δφ)
]
= ω (φ, δφ,Lξδφ)−ξ·δEφδφ−δ2Cξ.
(43)
Even further like in [33], but in this article, what will
be useful is only the first two order variational identity.
In Wald’s paper[23], the corresponding conserved
quantity for the black hole in the asymptotically-flat case
is given as
M = ∫∞(Q[t]− t ·B),J = − ∫∞Q[ϕ]. (44)
Where ξa = ta+ΩHϕa is a time-like killing vector of the
black hole.
While this is not the case in our discussion. to use
the right hand side of the above equation, for non-
asymptotically-flat black hole, we need to subtract the
corresponding divergence from the conserved quantity.
And following with the discussion in section II, III and
IV, we may define
M +M0 =
∫
∞(Q[t]− t ·B),J = − ∫∞Q[ϕ]. (45)
The E0 is the divergent part from linear dilaton back-
ground, and E is the finite part that contributes to the
first law of thermodynamics hence we may rewrite this
as
M = ∫∞(Q[t]− t ·B)−M0,J = − ∫∞Q[ϕ]. (46)
And for more general case, We may generalise the eq.(40)
and eq.(20) in [23] with
M +M0 =
∫
∞(Q[t]− t ·B),J = − ∫∞Q[ϕ]. (47)
Using results from above discussion, we can rewrite
eq.(41) and eq.(43) in its integration form. (While we
5choose the domain as Σ = H∪Σ0, and these 3-surface is
bounded by the bifurcate surface and spatial infinity of
the Σ0. )∫
∂Σ
[δQξ − ιξΘ(φ, δφ)] =
∫
Σ
ω (φ; δφ,Lξφ) −
∫
Σ
δCξ
−
∫
Σ
lξ(E(φ) · δφ).
(48)
EΣ(φ; δφ) =
∫
∂Σ
[
δ2Qξ − ıξδθ(φ, δφ)
]
+
∫
Σ
δ2Cξ
+
∫
Σ
lξ(δE · δφ),
(49)
where
EΣ(φ; δφ) ≡
∫
Σ
ω (φ; δφ,Lξδφ) . (50)
And Stokes theorem has been used in between.
VI. VARIATIONAL INEQUALITY
In this section, we will obtain the inequality in EMDA
theory required to discuss the equality in the preced-
ing section with the null energy condition. While as
shown before, the variational inequality is easily to be
obtained from the lagragian 4-from with the assistance
of Lie derivative, so we start from the lagragian descrip-
tion of the theory discussed in part II.
L =
ǫ
16π
[R− 2∂µφ∂µφ− e
4φ
2
∂µκ∂
µκ− e−2φFµνFµν
− κFµν F˜µν ]. (51)
Actually, combining the analysis in [30], as well as that
we assume the charge is fixed background property. We
may consider it into two parts, the gravitational part and
the matter parts
L =
ǫ
16π
R+ Lothers. (52)
As we introduce the extra matter source(perturbation)
term Tab(λ) with Tab(0) = 0 into the the system, It turns
out that the equation of motion and Θ can be given like
Rab − 1
2
Rgab = 8π(T
DIL
ab + T
EM
ab + T
axion
ab + Tab),
(53)
∇µ
(
e−2ΦFµν + κ∗Fµν
)
= 4πjν , (54)
∇µ∇µφ = 1
2
e−2ΦF 2 +
1
2
e4Φ(∂a)2, (55)
∇µ
(
e4Φgµν∂νa
)
+ F ∗µνF
µν = 0, (56)
Θ(φ, δφ) = ΘGR(φ, δφ) + ΘMatter(φ, δφ). (57)
For latter convenience, we may divide the
ΘMatter(φ, δφ) as
ΘMatter(φ, δφ) = Θ1(φ, δφ) + ΘCS(φ, δφ), (58)
where ΘCS(φ, δφ) comes from Chern-Simons(CS) part,
and the remaining stuff is Θ1(φ, δφ).
ΘGRabc(φ, δφ) =
1
16π
ǫdabcg
degfg (∇gδgef −∇eδgfg) .
(59)
Θ1abc(φ, δφ) = −
1
4π
ǫdabce
−2φF deδAe − 1
4π
ǫdabc
(∇dφ) δφ
− 1
16π
ǫdabce
4φ
(∇dκ) δκ.
(60)
ΘCSabc(φ, δφ) = −
3
4π
κF[abδAc]. (61)
Hence the ω associated with Θ are
ωGRabc =
1
16π
ǫdabcw
d. (62)
ωCSabc = −δ1(
3
4π
κF[abδ2Ac]) + δ2(
3
4π
κF[abδ1Ac]). (63)
ω1abc = δ1Θ
1
abc(φ, δ2φ)− δ2Θ1abc(φ, δ1φ). (64)
wa = P abcdef (δ2gbc∇dδ1gef − δ1gbc∇dδ2gef ) . (65)
where P abcdef is given like
P abcdef =gaegfbgcd − 1
2
gadgbegfc − 1
2
gabgcdgef
− 1
2
gbcgaegfd +
1
2
gbcgadgef .
(66)
After a simple calculation the constraint will be ob-
tained as
Cabcd = ǫebcd (T
e
a +Aaj
e) . (67)
And noether charge is
Qξ = Q
GR
ξ +Q
EM
ξ +Q
CS
ξ , (68)
where (
QGRξ
)
ab
= − 1
16π
ǫabcd∇cξd, (69)
6(Qξ)
CS
ab
= − 1
4π
κFabξ
eAe, (70)
(
Q1ξ
)
ab
= − 1
8π
ǫabcde
−2φF cdAeξe. (71)
We note that due to the specialty of this black hole,
we set charge as background without perturbing it. And
following the set-ups in [30, 31], we choose Σ = Σ0 ∪H.
The 3-hypersurface start from the bifurcate surface where
no collision occurs, to its future horizon after which the
collision has occurred, then extend spatially to spatial
infinity. From this we know that Σ is bounded by a
bifurcate surface noted as B, and spatial infinity S∞.
And we assume the stability of the non-extremal black
hole, which means that it will evolve into the same black
hole with different parameters, such that after the first
order it decays to another stationary final state. With
all these set-ups, One may rewrite eq.(48) as
−
∫
B
[δQξ−iξΘ(φ, δφ)]+
∫
∞
[δQξ−iξΘ(φ, δφ)] = −
∫
Σ
Cξ.
(72)
It is worth noting that, in the above equation, the vari-
ation is defined on a set of S∞, which is the boundary of
the t = const surface of the metric with different parame-
ters 16. We note that r0 is fixed during the variation, the
electric charge is not free parameter, but a background
constant. Certainly the above set-up will be adopted au-
tomatically.
Where ω = 0 because that ξ is a symmetry of φ, and
the equation of motion is satisfied so that the last term
vanishes. And the first term vanishes due to there is no
perturbation near the bifurcate surface B till the very
late time. Then as obtained in section III, this equation
can be calculated such that
δM− ΩHδJ ≥ 0. (73)
Where the Null Energy Condition has been used[31]. It’s
worth noting that this result exactly corresponds to what
we obtain in section IV, which confirms [19].
With EΣ = EH + EΣ0 , eq.(49) can be represented as
EH + EΣ0 =
∫
∂Σ
[
δ2Qξ − ıξδΘ(φ, δφ)
]
+
∫
Σ
δ2Cξ
+
∫
Σ
lξ(δE · δφ).
(74)
The first term satisfies [30]
EH ≥ ECSH . (75)
According to eq.(61), we have
4π
3
ECSH = −
∫
H
δ1(κF[abLξδAc]) +
∫
H
Lξδ(κF[abδ1Ac]),
=
∫
H
LξδκF[abδAc] +
∫
H
κLξδF[abδAc]
−
∫
H
δκF[abLξδAc] +
∫
H
κδF[abLξδAc].
(76)
With the consideration that ξa = 0 at the bifurcate
surface, and the gauge condition ξaδAa = 0, the right
hand side can be further massaged as
4π
3
ECSH =
∫
H
d(ξ · (κδF[abδAc])) = 0. (77)
And the second term can be obtained by reusing
eq.(49) on Σ0, which is
EΣ0(φ; δφBH ) =
∫
∂Σ0
[
δ2Qξ − ıξδΘ(φ, δφBH)
]
+
∫
Σ0
δ2Cξ
+
∫
Σ0
lξ(δE · δφBH).
(78)
Which can be reduced to [19]
EΣ0(φ; δφBH) = −THδ2SBH . (79)
Considering the null energy condition as well as δφ
satisfies the linearized equation of motion. After compu-
tation, our second order inequality is[19]
δ2M+ THδ2SBH − ΩHδ2J ≥ 0. (80)
One may refer to [19, 30] for more details.
VII. GEDENKEN EXPERIMENT
From eq.(5), We may define a function as
j(λ) = M2(λ)− a2(λ). (81)
With that
M(0) = M,
a(0) = a.
(82)
It is worth noting that the M appearing here does not
correspond to M because of the eq.(12). Then we may
expand it with respect to λ perturbatively.
j(λ) =M2 − a2 + (2MδM − 2aδa)λ+
(δM2 − δa2 +Mδ2M − aδ2a)λ2. (83)
Actually, one may consider more complicated case involv-
ing higher rank variation here, but one still need higher
rank inequality to evaluate our j(λ). Here what we need
7is just to consider whether if this j(λ) ≥ 0 is held strictly
in our case. And we refer to inequalities obtained for
help.
1
2
δM − ΩHδJ ≥ 0. (84)
1
2
δ2M − ΩHδ2J ≥ −THδ2SBH . (85)
Following the same settings as in[19], Here we rewrite
δ2r+BH =
−1
∆3
(MδM − aδa)2 + 1
∆
(δM2 − δa2). (86)
From here, we may reexpress eq.(84) and eq.(85) as
MδM − aδa ≥ −∆δM. (87)
δ2M − aδ
2a
r+
≥ (MδM − aδa)
2
∆2r+
− (δM)
2 − (δa)2
r+
. (88)
And if we substitute the first inequality into the second
one, then
δ2M − aδ
2a
r+
≥ (δM)
2
r+
− (δM)
2 − (δa)2
r+
. (89)
And ignoring the ∆-infinitesimal term, we have
δM2 − δa2 +Mδ2M − aδ2a ≥ (δM)2. (90)
With these conditions for help, we may firstly assess
j(λ) to its first order. Which means that, we only con-
sider the λ-term in eq.(83) and eq.(84). Then we will
automatically receive the same results as in section IV.
For which the near extremal case may not respect the
WCCC in our case to first order. But for the extremal
case(∆ = 0), no violation occurs as discussed in section
III.
If we consider eq.(85) and j(λ) to its second order, then
we will obtain
j(λ) ≥ (∆− δMλ)2 ≥ 0. (91)
As expected, the WCCC is restored for the near-
extremal black hole if we consider the modification up
to second order.
VIII. CONCLUSION
In this paper, we use modified Iyer-Wald formalism
to confirm the validity of the black hole first thermody-
namics [38], then we use two different methods to discuss
the WCCC for a rotating linear dilaton black hole in the
Einstein-Maxwell-Dilaton-Axion theory. To first order,
we can come to the same conclusion for both extremal
and near-extremal black hole via these two methods as
Wald said in[19]. That is, WCCC is well preserved for
extremal black hole, but not so for near-extremal black
hole. To second order, The WCCC is preserved in our
case as expected for both extremal and nearly extremal
black hole, which implies that if we test the nearly ex-
tremal black hole with the test particle to second order
precision, WCCC is well protected.
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